Let (M, F) be a foliated manifold. We study the relationship between the basic cohomology H b (M, F) of the foliation and the De Rham cohomology H(DF ) of the space of leaves M/F as a quotient diffeological space. We prove that for an arbitrary foliation there is a morphism H(DF ) → H b (M, F). It is an isomorphism when F is a Q-foliation.
Introduction
Diffeological spaces were introduced by J.-M. Souriau [6] (and in a slightly different form by K.-T. Chen [2] ), as a generalization of the notion of manifold. Spaces of maps and quotient spaces naturally fit into this category, and many definitions from differential geometry can be generalized to this setting. In particular, due to its contravariant nature, the cohomology groups of a diffeological space can be defined in a canonical way. For a complete study of the De Rham calculus in diffeological spaces see P. Iglesias' book [3] .
From the point of view of foliation theory, the most interesting example is the space of leaves M/F of a foliated manifold, endowed with the quotient diffeology D F . It is then a natural problem to compare its cohomology H(D F ) with the basic cohomology H b (M, F ) of the foliation [5] .
In this note we prove that there is an morphism B:
. Also we prove that B is an isomorphism when F is a Q-foliation (in the sense of R. Barre [1] ). This class of foliations includes riemannian foliations without holonomy on a compact manifold; totally geodesic foliations; and foliations having C. Godbillon's homotopy extension property [4] .
We thank F. Alcalde for several useful remarks.
Diffeological spaces
Let X be a set. Each map α: U ⊂ R n → X defined on an open subset U of some euclidean space R n , n ≥ 0, will be called a plot on X. A diffeology of class C ∞ on X is any family D of plots satisfying the following axioms:
1. All constant plots are in D.
If
3. Suppose that α: U ⊂ R n → X is a plot and that each t ∈ U has a neighbourhood
A set X endowed with a diffeology D is called a diffeological space.
Example 2 (Foliations as diffeological spaces) Let (M, F ) be a foliated manifold. The space of leaves M/F (where two points on M are identified iff they are on the same leaf of F ) can be endowed with the so-called quotient diffeology D F : it is the least diffeology such that the canonical projection π:
Cohomology of diffeological spaces
is an r-form in the domain U of α. We ask the family ω to be compatible with the Proof: Clearly, the map F is well defined and commutes with the exterior differential. We define an inverse map G: Ω r (D) → Ω r (M ) as follows. Let us choose an atlas
We left the reader to check that the form G(θ) is smooth, well defined, and commutes with the differential. Finally, let us prove that F and G are inverse maps.
n , for each t ∈ U we take a chart ϕ i :
Basic cohomology of foliations
is basic if i X ω = 0, i X dω = 0, for any vector field X tangent to the foliation. In other words ω is horizontal (it vanishes in the tangent directions) and it is preserved by any tangent flow (the Lie derivative L X ω = 0). The basic cohomology H b (M, F ) of (M, F ) is the cohomology of the complex Ω b (M, F ) of basic forms, endowed with the usual exterior differential d on M .
Theorem 4.1 There is a morphism H(D F ) → H b (M, F ) between the cohomology of the leaf space M/F , endowed with the quotient diffeology D F , and the basic cohomology of the foliation.
Proof: Accordingly to the proof of Theorem 3.1, we have the morphism
, where π * is induced by the map π: M → M/F . We must prove that if θ ∈ Ω r (D F ), then B(θ) is a basic form. Take an atlas
For each i ∈ I, we have the following commutative diagram
where π i : V i → T i is a submersion onto a local transverse manifold; ψ i : W i → T i is the induced transverse chart; and τ i :
Let X be a vector field tangent to F . For any x ∈ M let i ∈ I be such that x ∈ V i . Then
Q-foliations
A foliation F in the manifold M is called a Q-foliation when it has the following C ∞ tubular property [4] : for any manifold X with a given base point x; any pair of maps β, γ: X → M such that π • β = π • γ; and any tangential path µ:
, there exists a neighbourhood U ⊂ X of x and a differentiable homotopy H: U × I → M verifying:
• H(y, 0) = β(y), H(y, 1) = γ(y), ∀y ∈ U ;
• H(x, t) = µ(t), ∀t ∈ I;
• for any y ∈ U the path H(y, t) is tangential to F . 
Proof:
We follow the notation of Theorem 4.1. Let ω ∈ Ω r b (M, F ) be a basic r-form. In order to obtain θ ∈ Ω(D F ) such that B(θ) = ω we have to define θ α for any plot α: U ⊂ R n → M/F in D F . We know that ∀x ∈ U ∃V ⊂ U and ∃β ∈ D (both depend on x) such that α | V = π • β. Then we define
Clearly this form is smooth and satisfies the compatibility condition. Let us prove that it is well defined. Suppose that V ∩ W = ∅ and that we take another lift γ defined on W , that is α | W = π • γ. Let x ∈ V ∩ W . Choose an arbitrary tangential path µ in M between β(x) and γ(x), and let H: U × I → M be a homotopy as in the definition of Q-manifold. Then β * ω = H * 0 ω while γ * ω = H * 1 ω, so we just have to check that the function t → (H * t ω) x is constant. We shall prove that its derivative is null at t = 0, the same argument being valid for any t = t 0 ∈ I.
The proof is inspired in the classical definition of Lie derivative [7, page 70] . Let p = µ(0) ∈ M . Let v = µ ′ (0) ∈ T p M be the vector tangent to the curve µ(t) at t = 0. Let us denote
the derivative of the function above. In order to prove that L v ω = 0 we shall proceed in several steps.
because the vector v is tangent to the foliation.
2. If ω = df is the differential of a basic function f , let w ∈ T x (V ∩ W ) be a tangent vector. It is defined by some curve ξ(s), that is ξ(0) = x and ξ ′ (0) = w. Let us define the function
because
For each s, let v s be the vector tangent to the curve H(ξ(s), t) at t = 0, which is tangent to the foliation. Then (1) 
